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ﬁ:ii.—l Find the maximum and minimum values pf y from the following table :

; - 1, 2 3 4 5
o 0 0.25 0 225 16 5625
A8, Mndthevﬂueofx&rwhd\mdlsmmmm;mmmﬂe s ’
% a 10 11 12 18 Tl A
e i 1840 1320 1250 1120 930 |

Aiso ﬁndthnmmnmm value ufﬂ'x??

[ECEJ NUMERICAL INTEGRATION Unit 4 start from here

The process of evaluating a definite integral from a set of tabulated values of the integrand f(x) is called
numerical integration. This process when applied to a function of a single variable, is known as quadrature.

The problem of numerical integration, like that of numerical differentiation, is solved by representing f(x)
by an interpolation formula and then integrating it between the given limits. In this way, we can derive quadra-
ture formula for approximate integration of a function defined by a set of numerical values only.

NEWTON-COTES QUADRATURE FORMULA

Let 1= [ feoax N
where f(x) takes the values y, y,,¥,, ... ¥, forx =x,, x,, // y=flx)
Xy, ... X, (Fig. 30.1) '
Let us divide the interval (a, b) into n sub-in- .
tervals of width A so thatx;=a,x, =x, + h, x, =x, + Yo |1 |Ye Vn
2h, ... x, =x,+nh =b. Then '
X + Ak n | . I_:
= .LD e .L f(xo +rh)dr, 0 xy xg+h xy+2h xg+rh X
putting x = x, + rh, dx = hdr Fig. 30.1
n rir-1) rir-1((r-2)
:hjn [_}'u +rAy0+ 20 A2y0+_TA3yo
rir-Dr-2)r-3) 4 rir—=D(r-2)(r-3)(r—4)
* 4! = 5! &%
L rr=D(r- 2)1;31&—4)(:-—5) ASy, +---]dr

[By Newton’s forward interpolation formulal
Integrating term by, we obtain

h _ _ a2
-[:,+n f(x)dx:nh[yo'F‘g-ﬁyo*‘n(zn 3) Agy +ﬂ-(!’3 2) Asy{,]

12 v 24
4 3 2 4 5 3 - 5
. _n__v3i+lln _an Ayo+ L_zn.;_'_35n _ 50n +12n Ay,
5 2 3 4! 6 4 3 5!
n® 15n° .. 4 225n°  274n® o VA3
+ 7 6 a4 3 81 ...(A)

This is known as Newton-Cotes quadrature forrmula. From this general formula, we deduce the following
important quadrature rules by takingn =1, 2, 3 ...

[ELX3] TRAPEZOIDAL RULE

Putting n = 1 in (A) § 30.5 and taking the curve through (x;, y,) and (x,, y,) as a straight line i.e. a
polynomial of first order so that differences of order higher than first become zero, we get




+h 1
ro f(x)dx=h[}’o "‘lﬁ:ﬂ’o]:E o + 7))
xo 2
.. +2h 1
Similarly Lo f(x)dx = h(yl+2Ayl}=—(}';+3’2)

xg+ nh h
.Loun-mﬂx] = EU"" p*Ya)
Adding these n integrals, we obtain
r““f(x) dx =% o +5,) + 20, + ¥+ e + 3, )]
Xy
This is known as the trapezium rule.
~ Obs mm@mmwnmmmummmmmmmm
d x, + nh is approximately equal to the areas of the trapeziums,

SIMPSON’S ONE-THIRD RULE

Putting n = 2 in (A) above and taking the curve through (x,, y,), (x,, y,) and (x,, y,) as a parabola i.e., a
polynomial of second order so that differences of order higher than second vanish, we get

xo+ 2k 1 2 h
j fx) dx=2h (3o + &g + 2 A%0)g o+ 4y, + )
X5

Similarl J‘I”+Mf(x)dx-£ 4 )
Y 20 +2h 3 Oz + 4y5+, when

x,+nh h g
I fx)dx=—(y, _,+4y,_,+y,), n beingeven.

Xg +ln—2k 3
Adding all these integrals, we have (when n is even)

xp +nh h
I f(x)dx= 3 [ +5,)+4(, +¥) + e+ Y, _ D)+ 200 + Y, + e + 3, _J)]
This is known as the Simpson's one-third rule or simply Simpson’s rule and is most commonly used.

Obs. While applying Simpson’s lfammmmmwdmnﬁhm“ﬁ:mnumofwwm&
vals, since we find the area of two strips at a time.

SIMPSON’S THREE-EIGHTH RULE
Putting n = 3 in (A) above and taking the curve through (x,y,): £ =0, 1, 2, 3 as a polynomial of third order
so that differences above the third order vanish, we get

r“ flx)dx= 3h[0+3Ay0+3Azyu+1A3yo]
g 2 8

3h
= ?b’o + 3y, + 3y, +y,)

Similarly,
I o f( )dx——(ya + 3y, + 3y, + ) and so on.
X +
Adding all such expressions from x;, to x, + nk, where 2 is a multiple of 3, we obtain

xy +nh 3h
I f(:r)d::=—8—[(y°+yu) +300, + Yo+ Y+ Vst + Y, )+ 2005+ Y5+ a4y, gl

o
which is known as Simpson’s three-eighth rule.
| Obs. While applying Simpson's 3/8th rule, the number of sub-intervals should be taken as multiple of . |




BOOLE’S RULE This method is not in the syallbus
Putting n = 4 in (A) above and neglecting all differences above the fourth, we obtain

g +4h
_r' f(x)dx =4h [J’o + 28y, 2 A%yy + 2 Ay, + A‘yo)
% 3 3 90

= %—('bro + 32y, + 12y, + 32y, + Tyg)
Similarly
Irﬂ +8h

- f(x)dx:E_(?y‘ + 32y, + 12y, + 32y, + Ty,) and so on.

Adding all these integrals from x, to x; + nh, where n is a multiple of 4, we get
xg+nh 3
[ f{x)dx-%(?yo-l-%l-l-l%r,-&3%,1-14341-320,-&1%,-}323’74-145,%-“.

£
This is known as Boole's rule.

WEDDLE’S RULE This method is not in the syallbus

Putting n = 6 in (A) above and neglecting all differences above the sixth, we obtain

x +6h . 9 123 11 1 41 '
Lo f(x)dx=[yo + 34y, +—2-A2yo +4A%y, +EA‘J’° o A®xy +-E.rmﬁsy0]

If we replace % A‘yo by %A o» the error made will be negligible.

Xq +6h 3h
I f(x}dx-:ﬁb!oi-syl-f)’zi-sya +y4+5y5+3’s)

Similarly
xg +12h 3h .
L‘ Sk flx)dx =.E(;yB + By, + yg + Byg +y,o + By,; + ¥,,) and so on.
Adding all these integrals from x,, to x, + nh, where n is a multiple of 6, we get
f{x}dxz%(yo-l-ﬁyl + 3+ By +3, + 5yg + 295 + By; + 35+ )
‘'This is known as Weddle’s rule.

J-'a'. +nh

Solution. Divide the interval (0, 6) into six parts each of width i = 1. The values of f(x) =
below :

— are given
1+ a2 '
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(i) By Trapezoidal ru'!e,
6 1
e~ 2 3 100439+ 20, + 0 433 3, +55)
= E [(1+ 0.027) + 2(0.5 + 0.2 + 0.1 + 0.0588 + 0.0385)] = 1.4108.
(if) By Simpson’s 1/3 rule.

r T+ 3 [(?a +¥g) + 4y + 3 +55) + 20, + y,)]

= g [(1+0.027) + 4(0.5 + 0.1 + 0.0385) + 2(0.2 + 0.0588)] = 1.3662.
(iif) By Simpson’s 3/8 rule,

‘l:I-I-l:.\:z =%[(ya+ya)+ 30 + o+, +¥s) + 2yl

= glu +0.027) + 3(0.5 + 0.2 + 0.0588 + 0.0385) + 2(0.1)] = 1.3571.
(iv) By Weddle’s rule,
L 3h
b 1+ 22 10 g + By, + ¥y + 6y3 +y, 5y; + ¥l
= 0.3[1 + 5(0.5) + 0.2 + 6(0.1) + 0.0588 + 5(0.0385) + 0.027] = 1.3735.
=tan? o’ = 1.4056

0 1+x"

Solution. Lety =¢" ,h=02andn = 10.
The values of x and y are as follows :

By Trapezoidal rule, we have
1 h _
L gf'dx=§-{(yn +¥10) + 200y + Yo+ Yy + Y+ Vs + Vg + Yy + Ve + Yol

= % [(1 + 54.5981) + 2(1.0408 + 1.1735 + 1.4333 + 1.8964
+2.178 + 4.2206 + 7.0993 + 12.9358 + 25.5337)|

Solution. Divide the interval (0, 0.6) into six parts each of width & = 0.1. The values of y = f(x) = ¢™*" are
given below :



By Simpson’s 1/3rd rule, we have
'8. —x ) h .
Jj e "dx=t-§[(yo+y8)+4(y! + Y3+ 5+ 2y, +y,)]

; o
=°|.-. |2

[(1+06977)+4(099+09139+07788+2(09608+08521)l

[16977+107308+36258]—0— (16.0543) = 0.5351.

"

Solution. Lety =sinx-log,x+e¢*and h =0.2,n = 6.
The values of y are as given below :

By Simpson’s %tl:l rule, we have

4 3 |
jo‘s y dx ) [(vg + ¥g) + 2(y5) + 30y + 35 + ¥, +¥5)l

E{O 2) [7.7336 + 2(3.1660) + 3 (13.3247)] = 4.053

&

14
Hence jm (sin x - log, x + ¢*) dx = 4.053.

el T Eusbe e dstancecoversdind i, G % =y

= m;v dt =-.£[X_+ 4.0 + 2E], by Simpson’s rule

Hencek 2,v5= 0,01-10 v, = 18, vy = 25 ete.
. X=vy+v)y=0+0=0
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O=v,+Vg+V;+0;+0,=10+25+32+11+2=80
E=vy+v,+vg+03=18+29+20+5="7T2

Hence the required distance =

0,
sL =—(0+4x80+2x72)
k=0 3
= 309.33 km.

T T i D Al SR U AL T AT L
- by Boole’s Rules, we have

= _[o yds=% (Tyo + 32y, + 12y, + 32y, + 14y, + 32y, + 12y, + 32y, + 14y
_ 225) 1 1) R
= [7(16]+32[19]+12(21]+32(E]+14(%}”2(17]

+ 12(—1—] + 32[i) +14 (l]]
13 11 9
~(12.11776) = 1.35
Hence the required time = 1.35 sec.

ﬂ?l—-‘

Solution. Here h = 0.25, y, = 1, y, = 0.9896, y, = 0.9589, etc.
o Required volume of the solid generated

= [ de=r- 2108 + 3D+ 407 + 3+ 28

=025 gun (0.8415)2) + 4{(0.9896)? + (0.9089)2) + 2(0.0589)%]

= P-_w [1.7081 + 7.2216 + 1.839] = 0.2618 (10.7687) = 2.8192.
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PROBLEMS 30.2 |

1
1. Evaluste _L I‘% applying

(i) Trapezoidal rule W.N.T.U., 2009) (i) Simpson’s 1/3rd rule ,
(1ii) Simpson’s /8th rule, (Mumbat, 2004)
2. Bvaluate j: i'?;?_ using (i) Trapezoidal rule taking & = 1/4 '
(ii) Simpson's 1/3rd rule taking & = 1/4. (LN mr..m
(ii) Simpson’s 3/8th rule taking h = 1/6. (U.PT.U,2010; V.T.U., sapn
(iv) Weddle's rule taking k = 1/6. : (Bhopal, 2009)

Hence compute an approximate value of win ueh case.

3. Find an approximate value of log, 5 by calculating to 4 decimal places, by Simpson's 1/3 rule, r4x+5 , dividing.
the range into 10 equal parts; (Anna., 2005)
6
4, Evaluate Io x sec x dx using eight intervals by Trapezoidal rule. (U.P.T.U, 2009)
5. Evaluate using Simpson's - (U.BT.U., 2006)
S ey - L
(i) L e dx (Take h = 0.25). (.N.T.U, 2007)
6. Bvaluate using Simpson's Uard rule [ ——— , chaose step length 0.25. (UPT.1, 2009)
0x"+x+1 |
. s P 3 K
7. Evaluate using Simpson's 1/3rd rule; (i) _L sinx dx using 11 ordinates.
"/ 2 L ..-_.‘_
(i) _L JoosB d6 taking 9 ordinates. (VLU 2009)

8. Evaluate correct to 4 decimal places, by Simpson’s 3:; th rule

@ [~ wprU, 8t Tech, 20100 Gi) j'"geﬂ*'“*dz
i _-L1+:r3 T.17, M. Tech., i !

9. Given that
x e 4.0 42 4.4 4.6 48 5.0 525,
logx : 1.3863 14351 14816 15261 15686 1.6094  1.6487

62
Evaluamj loag v e Yy
1

(a) Trapez-idal r (b) Simpson’s 1/3rd rule,
(¢) Simp: <48 ol TTAT,2006) (d) Weddle's rule
®/2
10. Use Bou compute I sin x dx.
- 0
11. The “(t) as a function of time :
t 5 6 7
fit) 78 70 60
Using Sin, "
12. Acurvei the following table :
X 3.5 4
Y - 2.6 21 I

Estimate the area pounded by the cu. . .. r =









